1. Dirichlet's theorem 2. Dual groups of abelian groups 3. Appendix: analytic continuations Dirichlet's 1837 theorem combines Euler's argument for the infinitude of primes with harmonic analysis on finite abelian groups, and subtler things, to show that there are infinitely many primes p = a mod N for fixed a invertible modulo fixed N .
Dirichlet's theorem
In addition to Euler's observation that the analytic behavior [1] of ζ(s) at s = 1 implied the existence of infinitely-many primes, Dirichlet found an algebraic device to focus attention on single congruence classes modulo N .
This section gives the central argument, and in doing so uncovers several issues taken up subsequently.
[1.0.1] Theorem: (Dirichlet) Given an integer N > 1 and an integer a such that gcd(a, N ) = 1, there are infinitely many primes p with p = a mod N [1.0.2] Remark: The gcd condition is necessary, since gcd(a, N ) > 1 implies there is at most a single prime p meeting the condition p = a mod n, since any such p would be divisible by the gcd. The point is that this obvious necessary condition is also sufficient.
[1.0.3] Remark: For a = 1, there is a simple, purely algebraic argument using cyclotomic polynomials, resembling the Euclidean argument. For general a the intelligible argument involves a little analysis.
Proof: A character modulo N is a group homomorphism Given such a character, extend it by 0 to all of Z/N , by defining χ(a) = 0 for a not invertible modulo N . Then compose χ with the reduction-mod-N map Z → Z/N and consider χ as a function on Z. Even when extended by 0 the function χ is still multiplicative in the sense that
whether or not either of the values is 0. The pulled-back-to-Z version of χ, with the extension by 0, is a Dirichlet character. The trivial Dirichlet character χ o modulo N is the character which takes only the value 1 (and 0).
Recall the standard cancellation trick, that applies more generally to arbitrary finite groups:
where ϕ is Euler's totient function. Dirichlet's dual trick is to sum over characters χ mod N evaluated at fixed a in (Z/N ) × : we claim that χ χ(a) = ϕ(N ) (for a = 1 mod N ) 0 (otherwise)
We will prove this in the next section.
Granting this, for b invertible modulo N , proven as for ζ(s), by expanding geometric series. Take a logarithmic derivative, as with zeta:
The second sum on the right will turn out to be subordinate to the first, so we aim our attention at the first sum, where m = 1.
To pick out the primes p with p = a mod N , use Dirichlet's sum-over-χ trick to obtain
We do not care about cancellation in the second sum. All that we need is its absolute convergence for Re (s) > 1 2 , needing no subtle information about primes. Dominate the sum over primes by the corresponding sum over integers ≥ 2. Namely,
where σ = Re (s). This converges for Re (s) > 1 2 . That is, for s → 1 + ,
We have isolated the primes p = a mod N . Thus, as Dirichlet saw, to prove the infinitude of primes p = a mod N it would suffice to show that the left-hand side of the last inequality blows up at s = 1. In particular, for the trivial character χ o mod N , with values
the associated L-function is essentially the zeta function, namely
Since none of those finitely-many factors for primes dividing N is 0 at s = 1, L(s, χ o ) still blows up at s = 1, like a non-zero constant multiple of 1/(s − 1).
By contrast, we will show below that for non-trivial character χ mod N , lim s→1 + L(s, χ) is finite, and lim s→1 + L(s, χ) = 0
Thus, for non-trivial character, the logarithmic derivative is finite and non-zero at s = 1. Putting this all together, we will have and there must be infinitely many primes p = a mod N . /// [1.1] What remains to be done? The non-vanishing of the non-trivial L-functions at 1 is the crucial technical point left unfinished, and a place-holder proof appears in a Supplement. Dirichlet's dual cancellation trick is proven in the next section, as a consequence of Fourier analysis on finite abelian groups, the latter treated in a supplement as a corollary of finite-dimensional spectral theory. We check below that the Lfunctions L(s, χ) have analytic continuations to regions including s = 1.
Dual groups of abelian groups
Dirichlet's use of group characters to isolate primes in a specified congruence class modulo N was a big innovation in 1837. These ideas were predecessors of the group theory work of Frobenious and Schur 50 years later, and one of the ancestors of representation theory of groups.
The dual group or group of characters G of a finite abelian group G is by definition
This G is itself an abelian group under the operation on characters defined for g ∈ G by
There is an inner product , on complex-valued functions on G, given by
Let L 2 (G) refer to the space of complex-valued functions on G with this inner product.
Recall [2] the following basic result on Fourier expansions on finite abelian groups:
[2.0.1] Theorem: For a finite abelian group G with dual group G, any complex-valued function f on G has a Fourier expansion
where the Fourier coefficients f (χ) are
The characters are an orthogonal basis for L 2 (G). In particular, Fourier coefficients are unique. /// [2.0.2] Corollary: Let G be a finite abelian group. For g = e in G, there is a character χ ∈ G such that χ(g) = 1. [3] Proof: Suppose that χ(g) = 1 for all χ ∈ G. That is, χ(g) = χ(e) for all χ. Then, for any coefficients c χ , Since every function on the group has such a Fourier expansion, this says that every function on G has the same value at g as at e. Thus, g = e. /// [2.0.3] Corollary: For a finite abelian group G, |G| = | G| Proof: The characters form an orthogonal basis for L 2 (G), so the number of characters is the dimension of L 2 (G), which is |G|. /// [2.0.4] Remark: In fact, using the structure theorem for finite abelian groups, one can show that G and its dual are isomorphic, but this isomorphism is not canonical.
[2.0.5] Corollary: (Dual version of cancellation trick) For g in a finite abelian group, χ∈ G χ(g) = | G| (for g = e) 0 (otherwise)
Proof: If g = e, then the sum counts the characters in G. On the other hand, given g = e in G, let χ 1 be in G such that χ 1 (g) = 1, from a previous corollary. The map on G
Since 1 − χ 1 (g) = 0, it must be that the sum is 0. ///
Appendix: analytic continuations
Dirichlet's original argument did not emphasize holomorphic functions, but by now we know that discussion of vanishing and blowing-up of functions is most clearly and simply accomplished if the functions are meromorphic when viewed as functions of a complex variable.
For the purposes of Dirichlet's theorem, it suffices to meromorphically continue [4] the L-functions just a little, to Re (s) > 0. This limited analytic continuation allows a simpler argument than analytic continuation to the entire plane.
[4] An extension of a holomorphic function to a larger region, on which it may have some poles, is called a meromorphic continuation. There is no general methodology for proving that functions have meromorphic continuations, due in part to the fact that, generically, functions do not have continuations beyond some natural region where they're defined by a convergent series or integral. Indeed, to be able to prove a meromorphic continuation result for a given function is tantamount to proving that it has some deeper significance. A similar relatively elementary analytic continuation argument for non-trivial characters uses partial summation. That is, let {a n } and {b n } be sequences of complex numbers such that the partial sums A n = n i=1 a i are bounded, and b n → 0. Then it is useful to rearrange (taking A 0 = 0 for notational convenience)
Taking a n = χ(n) and b n = 1/n s gives L(s, χ) = ∞ n=0 n =1 χ( ) ( 1 n s − 1 (n + 1) s )
The difference 1/n s − 1/(n + 1) s is s/n s+1 up to higher-order terms, so this expression gives a holomorphic function for Re (s) > 0.
///
